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Bending-Torsion Transfer Matrices
Associated with Swept Surfaces

KenT L. LAWRENCE™*
Arlington Slate College, Arlington, Texas

N an earlier paper Lin' discussed the advantages to be

gained from using transfer matrices for calculating the
steady response of flexible aireraft structures. For coupled
bending-torsion of swept wing and tail surfaces it is desirable
from the standpoint of the aerodynamic calculations to offset
the mass elements in a streamwise direction rather than
perpendicular to the elastic axis. The mass point transfer
matrix for such an arrangement is derived below.

The streamwise offset mass element is shown in Fig. 1,
in which the notation and positive sign conventions follow
those of Pestel and I.eckie.? Forcing functions may be
applied at the elastic axis 0 (i, @, C1), at the mass element
A (fo, @, Cy), or at some point along the streamwise strip B
(fs, @5, Cs), depending upon the application. If U is taken
to be the downward displacement of the mass element, I" and
A its rotations about the axes indicated, then the equations
of motion are

I = ME— M2 4+ Qi+ Qo+ Qs + (i 4 VE— Vi
sin — f3(h — e) sing (1)
mU =VE Vi L fi -+ (2)

JA = Tr = T2 4+ 0+ Oy + Co — (fi + VR — Vhe
cosB + fz(h — e) cosB (3)

where m is the total mass, J the torsional mass moment of
inertia about the z’ axis, / the rotatory mass moment of
inertia about the 3’ axis, and M, V, and T are the beam
stress resultants to the left and right of the mass point. For
small deformation angles, the mass point displacements and
the displacements at the elastic axis are related by

U= w4 ¢e cosf — e sinB A=2¢
)
T =y
where § is the angle of sweep.
For steady harmonic motion of frequency Q, w = —Q%w,

ete., and the two sets of equations combine to give
ME = ME — Q[ 4 me? sin?B)¢ +
Q*(me sinB)w + Q*(me? sinf cosB)¢ +
[(sh + f:0) sinB + (@ + @ + @] (5)
VE = Vi — mQ2w — Q2(me cosB)¢ -+
W(me smB)Y — (i + o+ f) (6)
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Fig. 1 Sign conventions for streamwise offset mass
element.

Tr = TL — QJ + me? cos*B)p —
Qr(me cosB)w + Q*(me? cosB sinB)y —
[(fsh + fae) cos@ + (CL + Co + C)] ()
For simplification, let
1., = J + me? cos?S l,, =1 + me?sin?B

1., = me® sinf cosf S, = me sinf

Sz = me cosf3 and
Q" = [(fsh + fo) sinf — (G + Q2 + )]
ff==h+hH+1 (8)

' = — [(f:;h + f‘ze) cosf + (€1 + Oy + Ca)]

The state vector to the right of the mass element is then
related to that on the left by Table 1.

Table 1 Relation of the two state vectors

R 1.
w 1 0 0 0 0 0 0 w
¥ 0 1 0 0 0 0 0 vy
M s, -, 1 0 @, 0 @ M
V = -o2m 8, 0 1 —8, 0 f V (9)
¢ §] 0 0 1 0 0 ¢
T —-s, @, 0 0 —gl. 1 ¢ T
1

1 0 0 0 0 0 0 1

The clastic field transfer matrix for combined bending and
torsion may be found in either Ref. 1 or 2.
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